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FREE VIBRATIONS OF NON-HOMOGENEOUS TAPERED SQUARE
PLATE WITH BI-DIRECTIONAL TEMPERATURE VARIATIONS
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Department of Mathematics, Maharishi Markandeshwar University, Mullana, Haryana, INDIA.
anupam_rajie@yahoo.co.in, meneelamsharma26@gmail.com’ narinder89.kaur@gmail.com

Abstract- An analysis is presented to the study the free vibrations of non- homogeneous clamped square plate with bi-
directional temperature variations. It is assumed that thickness of the plate varies exponentially in one direction. Non-
homogeneity of plate material is assumed to arise due to parabolic variation of density along x-direction. Rayleigh-Ritz
technique on the basis of classical plate theory is applied to solve the fourth order differential equation of motion. Numerical
values of frequency are calculated with the help of Mathematica (Software) and are presented in tabular and graphical forms
for different values of thermal gradient, taper constant and non-homogeneity constant.

Keywords: Thermal effect, Non-homogeneity, Frequency, Taper constant, Thickness.

I. INTRODUCTION

Vibrations occur in every machine & mechanical
structures due to the forces which directly affect the
efficiency and reliability of machines parts. A lot of
energy waste in the form of kinetic energy used in
vibrations. Sometimes thermal plants or nuclear
plants shut down due to failure of turbines (due to
uncontrolled vibrations) which directly affect the
economy, safety, and employment system and time
management of the nation. Therefore, engineers &
scientists are extensively interested to know about the
vibrational behaviour of vibrating system before
finalizing any design of the structure. So, this is the
need of the hour to make authentic & reliable
mathematical models for the help of researchers so
that they can used them in practical manner and make
much better designs of machines with more
efficiency and durability.

In modern technologies, where most of machines
work under the influence of temperature, tapered
plates are frequently used to make the parts of
mechanical structures. A lot of research work about
the effect of temperature & thickness variation on the
vibrations of different plates under different
conditions has been done.

Number of researchers has worked on the effect of
one dimensional temperature variation on
the vibration of various shapes of plates whose
thickness varies in one or two directions but very few
works on two dimensional temperature variations.
De & Debnath [1] studied the thermal effect on axi-
symmetric vibrations of a circular plate of
exponentially varying thickness and density. Thermal
effect on vibration of non-homogeneous orthotropic
rectangular plate having bi-directional parabolically
varying thickness studied by Gupta, Johri and Vats
[2]. Gupta and Sharma [3] evaluated the thermal
effect on vibration of non-homogeneous trapezoidal
plate of linearly varying thickness. Effect of thermal
gradient on transverse vibration of non homogeneous
orthotropic trapezoidal plate of parabolically varying
thickness with boundary condition clamped-simply
supported-clamped-simply supported by the help of

Rayleigh Ritz technique studied by Gupta & Sharma
[4]. Imrak & Gerdemeli [5] discussed the problem of
isotropic rectangular plate with four clamped edges.
Kumar & Lal [6] investigated the vibrations of non
homogeneous orthotropic rectangular plates with
bilinear thickness variation resting on Winkler
foundation. Khanna, Kaur & Kumar [7] studied the
effect of varying poisson ratio on temperature-
thickness coupling problem of non-homogeneous
rectangular plate by the help of Rayleigh Ritz
technique. Recently Khanna & Sharma [8] discussed
the free vibrations of non-homogeneous tapered
square plate with bi-linear temperature variations.
They calculated the frequency for four sides clamped
non-homogeneous square plate on the basis of
classical plate theory. Leissa [9] provided different
models on the vibrations of plates. Maurizi & Laura
[10] analyzed the vibration on clamped rectangular
plates of generalized orthotropy. Nagaya [11]
discussed the vibrations and dynamic response of
visco-elastic plates on non-periodic elastic supports.
Singh & Jain [12] studied the free asymmetric
transverse vibration of polar orthotropic annular
sector plate with thickness varying parabolically in
radial direction.

Here, Rayleigh Ritz technique is applied to calculate
the frequency for the first two modes of vibrations for
non-homogeneous tapered clamped square plate with
different values of thermal gradient, taper constant
and non-homogeneity constant by the help of latest
software  ‘Mathematica’. Numeric results are
presented in graphical and tabular form for various
combinations of parameters.

Il. FOURTH ORDER DIFFERENTIAL
EQUATION OF MOTION

Fourth order Differential equation of motion for
square plate of variable thickness is
D (W + 2y +Wyy |+ 2D (W +Wyy ) +
ZQ,V(W,VW +Wyxx) + I%xx(w.xx +‘W.yy) +

Diyy (Wyy + 14+ 20-1)Dy 5 Wy

—ppAW=0

2.1)
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Where “,” indicates the differentiation with respect to
suffix variable.
Here, D, is the flexural rigidity of plate i.e.

D, =EI*/12(1-v?)
(2.2)
where E ,v & | are young modulus, poisson
ratio & thickness of plate respectively.

11, ASSUMPTIONS
To solve equation of motion, it is considered that the

thickness variation of the plate exponential in x-
direction:

Px
I=le? (3.1)
where J istaper constant & | = I, at x=y=0

To make easy but flexible calculation, first six terms
are considered in the expansion of exp(ﬂx/a) in
equation (3.1). Hence

1 (Bx/a) N (ﬁx/a) N (/3x/a)3 N (ﬁx/a) N (,Bx/a) 1
1 2! 3l 41 51
(3.2)
Assuming the density of non-homogeneous square

plate varies parabolic in x-direction i.e.
2
p=po(l+ay(x/a)°) (33)

where Q. is the non-homogeneity constant.
Assuming the square plate of engineering material
has a steady two dimensional temperature distribution
i.e. linear in x-direction & parabolic in y-direction
temperature variations as

=151~ ()1~ (%)) (3.4)

where 7 denotes the temperature excess the
temperature above the reference temperature at any

point on the plate, T denotes the temperature at any

point on the boundary of plate and “a” is the length
of a side of a square plate.

The temperature dependence of the modulus of
elasticity for most of engineering materials can be
expressed in this form,

E=E1-y)

where, Eo is the value of the young modulus at

(3.5)

reference temperature i.e. z=0 and ¥ is the slope of

the variation of E with 7 . The modulus of variation
(3.5) becomes

E = Efl-a(- (%) (%))}

where, & = YT, (0 <a <1) is thermal gradient.

Now put the value of E and | from equation (3.6)
and
equation (3.2) in equation (2.2), one obtain

(3.6)

Foll-a- O (/)0
Qpa @ @ia° @it @pa,
po Y 2 3 4 5
214
IV. SOLUTION OF EQUATION OF MOTION

(3.7)

To find a solution of equation of motion, Rayleigh
Ritz technique is applied. In this method, one requires
maximum strain energy must be equal to the
maximum Kinetic energy. So it is necessary for the
problem under consideration that

0(S-K)=0 (4.1)
The expression for strain energy S and Kinetic energy
K are:

S = 20 DAOW )T+ W )P 20 W W 2 V)W) Tdydx
4.2)
1 apa 4.3
K =Zpp® [ 1w dydx (4.3)

Also the plate is assumed as clamped at all four
sided, so the boundary conditions for square plate are

w=w, =0 a x=0,a

W=w,6 =0 at y=0,a
(4.4)
To satisfy equation (4.4), the corresponding two term
deflection function is taken as

W =[0I (A + A CA - /A (Y4
(4.5)
Assuming the non-dimensional variable as
=% Y = /W w/Z, I_/ (4.6)
and using equation (3.2), (3.3), (3.6) & (4.4) in
equation (4.2) and (4.3), one obtains

2 3 v 5
s— LJ’ J’ [—a(- ()= C{)2)][14_(3ﬁ!><) L@BX) BpX)° | BBX) (3ﬂ><) (4 (4 7)

21 3 41
DLW+ Wy )? + 20568y + 20-V) W) Tk
1. (ﬂX) (ﬂX)
z 1 T2 a2
K= mpzbaffm 1+01X dok (4.8)
(ﬂX) (ﬂX)
Ta e

where, L=E,’a’/12(1-v?)
On using equations (4.7) & (4.8) in equation (4.1),
one get

(S*—A*K*) =0 4.9)
where,
LG @7 @Bx)°
Ala-ooe-p  to 2 ®
S*= X)" 3
[r w0’ 579

DIWyg)?+Way )2 +20ogWyy +2(-)Wag)?

2 3 4 5
e J’a Jﬂm(lngz){ 109,05, 05 (X', )F

International Journal of Applied Research in Mechanical Engineering (IJARME) ISSN: 2231 -5950, Vol-2, Iss-3



Free Vibrations of Non-Homogeneous Tapered Square Plate With Bi-Directional Temperature Variations

and 1° =12p,p°A-v?)/ E,l,?

Here A isa frequency parameter.
Equation (4.9) consists two unknown constants
i.e. Ai &AQ arising due to the substitution of W

from equation (4.5). These two constants are to be
determined as follows

A(S*—2°K*)/ A | n=12 (410
On simplifying (4.10), one gets

h,A-+hb,A =0, n=1,2  (411)

where, bnl, bnz (n =1, 2) involve  parametric

constant and the frequency parameter.

For a non-trivial solution, the determinant of the
coefficient of equation (4.11) must be zero. So one
gets, the frequency equation as

b, By
=0
by by

From equation (4.12), one can obtain a bi-quadratic

equation in A from which different values of A can
be calculated for different values of taper constant,
non-homogeneity constant and thermal gradient.

(4.12)

V. RESULTS AND DISCUSSION

Calculation of the frequency parameter is done for a
non-homogeneous clamped square plate for various
values of thermal gradient, taper constant and non-
homogeneity constant for the following parameters:

l, =0.01m Py = 2.80¢10° kg/m® & v = 0.345

(For visco elastic material Duralium).

Table 1 contains the numeric values of frequency
parameter of a square plate for various values of
thermal gradient. This shows that as the value of
thermal gradient increases then the frequency
parameter is decreases continuously for the different
combination of taper constant and non-homogeneity
constant i.e.

(B =02=0Q,, p=04=0; & [ =08=0).

It is also noticed that as the combination of taper
constant and non-homogeneity constant increases
then the frequency parameter also increases.
Variations of frequency are also shown in figure 1 for
all the three combinations.

Table 1: Frequency vs Thermal gradient

0.6 35.16 137.24 38.92 151.48 48.92 189.44
0.8 33.79 131.94 37.56 146.31 4751 184.42
1.0 32.35 126.42 36.14 140.95 46.04 179.25
%0
......... al=p=0.2
2P0 e Mode 1
""" tes. =—=aql=f=0.2
- Mode 2
150 i
" coo=e al=p=0.4
Model
A 1p0 — - l=p=0.4
Mode 2
al=p=0.8
50 Mode 1
------- (ll:B:U_s
0 | Mode 2
o 0.2 O.él 06 08 1
Figurel: Frequency vs Thermal Gradient
Table 2 shows the values of frequency parameter for

various values of non-homogeneity constant of square
plate. It is clearly seen that as the value of non-
homogeneity constant increases then the frequency
parameter decreases continuously for the different
combination of taper constant and thermal gradient
ie. (¢ =f=02 a =f=04 &a =£=08). Also,
it can be seen that as combination of taper constant
and thermal gradient increases, frequency parameter
also increases. Variations of frequency are shown in
figure 2 for all three combinations.

Table 2: Frequency vs Non-homogeneity Constant

a oy =p=02 o =p=04 o =p=08
Mode Mode Mode Mode Mode Mode

1 2 1 2 1 2
0.0 | 3896 | 152.05 | 42.71 | 166.04 | 52.85 | 203.80
0.2 37.74 147.28 41.49 161.33 51.58 199.13
04 36.47 142.35 40.23 156.48 50.27 194.34

o a=p=02 a=p=04 a=£=038
Mode Mode Mode Mode Mode Mode
1 2 1 2 1 2
0.0 38.77 151.72 42.43 166.07 52.71 207.74
0.2 37.74 147.28 41.29 161.06 51.25 201.08
0.4 36.79 143.21 40.23 156.48 49.91 195.03
0.6 35.90 139.46 39.25 152.28 48.66 189.50
0.8 35.08 135.99 38.34 148.39 4751 184.42
1.0 34.31 132.77 37.49 144.79 46.43 179.73
230 wpe
_______ as=p=
0.2
Mode
...... a=p=
_— 0.2
190 R T T — Mode
A Eewedy as=p=
0.4
1q0 Mode
1
a=p=
40 == m e e im o 0.4
_________________ = — —_— Mode
_____ 2 p-
0 - 0.8
—62 04 665 Mode
a, L

Figure 2: Frequency vs Non-Homogeneity
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Table 3 contains the values of frequency parameter of
a square plate for various values of taper constant for

fixed non-homogeneity constant ( &; =0.2) for the

different values of thermal gradient.

It can be noted that the frequency parameter increases
continuously (with increased values of taper constant)
for both the modes of vibration for three values of
thermal gradient. Also, table 3 shows that frequency
decreases continuously for both the modes of
vibration as thermal gradient increases from 0.0 to
0.8. Variations of are shown in figure 3.

Table 3: Frequency vs Taper Constant

B a=00,00=0.2 a=02,00=02 a=08,01=0.2

Mode Mode Mode Mode Mode Mode

1 2 1 2 1 2
0.0 35.05 136.88 32.59 127.26 29.92 116.85
0.2 38.96 152.05 36.47 142.35 33.79 131.94
0.4 43.84 170.89 41.29 161.06 38.55 150.60
0.6 49.82 194.09 47.18 184.07 44.34 173.48
0.8 57.03 222.16 54.24 211.87 51.25 201.08
1.0 65.47 255.27 62.49 244.64 59.30 233.54

2%0

200

240

210

200

180

160

140

A120

190

0

0
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Figure 3: Frequency vs Taper constant

CONCLUSION

After comparing the results of present paper with [8],
authors find a close agreement between them for the
different values of corresponding parameters.
Frequency for both the mode of vibration have
slightly less in [8] than the present paper. With the
analysis of tables and graphs, scientists & engineers
can find the desired values of frequencies by the
proper choice of different parameters. So, they are
advised to analyze the findings of this paper in order
to provide much better authentic structures and
machines with more strength, durability & efficiency.
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